OPTIMAL STRONG RATES OF CONVERGENCE FOR A SPACE-TIME
DISCRETIZATION OF THE STOCHASTIC ALLEN-CAHN EQUATION
WITH MULTIPLICATIVE NOISE

ANANTA K. MAJEE AND ANDREAS PROHL

ABSTRACT. The stochastic Allen-Cahn equation with multiplicative noise involves the nonlinear

drift operator &/ (z) = Az — (|z|* — 1)@. We use the fact that &/ (z) = —J'(z) satisfies a weak

monotonicity property to deduce uniform bounds in strong norms for solutions of the temporal,

as well as of the spatio-temporal discretization of the problem. This weak monotonicity property

then allows for the estimate zup E[[|X:; —Y7|?.] < Cs(k* % +h?) for all small § > 0, where X
1<5<T

is the strong variational solution of the stochastic Allen-Cahn equation, while {Yj :0<5 < J}
solves a structure preserving finite element based space-time discretization of the problem on a
temporal mesh {t;; 1 < j < J} of size k > 0 which covers [0, T7.

1. INTRODUCTION

Let (IHI, (-, )H) be a separable Hilbert space, and V be a reflexive Banach space, such that
V — H < V’ constitutes a Gelfand triple. The main motivation for this work is to identify the
structural properties for the drift operator of the nonlinear SPDE

dX; = o/ (X,)dt + o(X)dW;, (t>0), X(0)==z€cH, (1.1)

which allow to construct a space-time discretization of for which optimal strong rates of
convergence may be shown. Relevant works in this direction are [5] [6], where both, o and &
are required to be Lipschitz. The Lipschitz assumption for the drift operator & : V — V’
does not hold for many nonlinear SPDEs including the stochastic Navier-Stokes equation, or
the stochastic version of general phase field models (including ) below for example. A usual
strategy for a related numerical analysis is then to truncate nonlinearities (see e.g. [9]), or to
quantify the mean square error on large subsets . = Q N Q) C Q. As an example, the
following estimate for a (time-implicit, finite element based) space-time discretization of the 2D
stochastic Navier-Stokes equation with solution {U™; m > 0} was obtained in [2],

max [utn) - Um||iz] <O +kh S+ 1) (€>0)

E
Xy 2

for all n € (0, %), where Q; C Q (resp. , C Q) is such that P[Q\ €] — 0 for k — 0 (resp. P[Q2\
Q] — 0 for h — 0). We also mention the work [8] which studies a spatial discretization of the
stochastic Cahn-Hilliard equation.

Let 0 CR% d e {1,2,3} be a bounded Lipschitz domain. We consider the stochastic Allen-
Cahn equation with multiplicative noise, where the process X : Q x [0,7] x & — R solves

dx; — (AXt — (X2 - l)Xt>dt —o(X)dW, (t>0), Xo=u, (1.2)

where W = {W;;0 < ¢ < T} is an R-valued Wiener process which is defined on the given filtered
probability space P = (2, F,F,P); however it is easily possible to generalize the analysis below
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to a trace class Q- Wiener process. Obviously, the drift operator <7 (y) = Ay — (|y|?> — 1)y is only
locally Lipschitz, but is the negative Géteaux differential of J(y) = &||VylZ, + 3[l|yl* — 1122
and satisfies the weak monotonicity property

(o (1) = (12). 01— ¥2) w2y ez < Kl — wllfe — IV (1 —92)[E2 Yy1,02 € Wi (1.3)

for some K > 0; see Section [2| for the notation. Our goal is a (variational) error analysis for the
structure preserving finite element based space-time discretization which accounts for this
structural property, avoiding arguments that exploit only the locally Lipschitz property of 7 to
arrive at optimal strong error estimate.

The existing literature (see e.g. [8]) for estimating the numerical strong error on the problem
(1.2)) mainly uses the involved linear semigroup theory; the authors have considered the additive
colored noise case, in which they have benefited from it by using the stochastic convolution,
and then used a truncation of the nonlinear drift operator &/ to prove a rate of convergence
for a (spatial) semi-discretization on sets of probability close to 1 without exploiting the weak
monotonicity of /. In contrast, property and variational arguments were used in the
recent work [I0], where strong error estimates for both, semi-discrete (in time) and fully-discrete

schemes for were obtained, which are of sub-optimal order O(\/E + h%é) for the fully
discrete scheme in the case d = 3. In [I0], a standard implicit discretization of was
considered for which it is not clear to obtain uniform bounds for arbitrary higher moments of
the solution of the fully discrete scheme, thus leading to sub-optimal convergence rates above. In
this work, we consider the modified scheme for , and derive optimal strong numerical
error estimate.

The subsequent analysis for the scheme is split into two steps to independently address
errors due to the temporal and spatial discretization. First we exploit the variational solution
concept for and the semi-linear structure of & (y) = —J'(y) to derive uniform bounds for
the arbitrarily higher moments of the solution of in strong norms; these bounds may then be
used to bound increments of the solution of in Lemma The second ingradient to achieve
optimal error bounds is a temporal discretization which inherits the structural properties of ;
the scheme ({4.1)) is constructed to allow for bounds of arbitrary moments of {7(X7);0 < j < J}
in Lemma which then settles the error bounds in Theorem by using property to
effectively handle the nonlinear terms. We recover the asymptotic rate % which is known for
SPDEsS of the form when ./ is linear elliptic. It is interesting to compare the present error
analysis for the SPDE (1.2)) with the one in [7] for a general SODE with polynomial drift (see
[T, Ass.s 3.1, 4.1, 4.2]) which also exploits the weak monotonicity of the drift.

The temporal semi-discretization was studied as a first step rather than spatial discretization
to inherit bounds in strong norms which are needed for a complete error analysis of the problem.
The second part of the error analysis is then on the structure preserving finite element based
fully discrete scheme , for which we first verify the uniform bounds of arbitrary moments
of {7(Y7);0 < j < J} (cf. Lemma . It is worth mentioning that, if {Y7 : 0 < j < J}
is a solution to a standard space-time discretization which involves the nonlinearity o7 (Y”/) =
—J'(Y7), then only basic uniform bounds may be obtained (see [10, Lemma 2.5]), as opposed
to those in Lemma, Next to it, we use again for the drift, in combination with well-
known approximation results for a finite element discretization to show that the error part due
to spatial discretization is of order O(vk 4+ h) where k > 0 is the time discretization parameter
and h > 0 is the space discretization parameter (see Theorem . In this context, we mention
the numerical analysis in [I1] for an extended model of , where the uniform bounds for the
exponential moments next to arbitrary moments in stronger norms are obtained for the solution
of a semi-discretization in space in the case d = 1 (see [1I, Prop.s 4.2, 4.3]); those bounds,
together with a monotonicity argument are then used to properly address the nonlinear effects
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in the error analysis and arrive at the (lower) strong rate % for the p-th mean convergence of
the numerical solution.

2. TECHNICAL FRAMEWORK AND MAIN RESULT

Throughout this paper, we use the letter C' > 0 to denote various generic constants. Let
0= (0,R) 1<d<3, with R € (0,00) be a cube in R%. Let us denote I'; = 90 N {z; = 0}
and I'j1q = 00 N{x; = R} for j =1,...,d. The problem is then supplemented by the
space-periodic boundary condition

X|p=X[p (1<j<d).

j+d
Let (Lf)er, - H]Lp) resp. (ngéf A ||Wm,p) denote the Lebesgue resp. Sobolev space of R-periodic

functions ¢ € W]P(R?). Recall that functions in W2 may be characterized by their Fourier

series expansion, i.e.,

Wher (0) = {‘p RIS R:ip@) = ) o exp<2z‘7r<k’x>) :
kezd

R
ch=cky D Pyl < oo
kezd

Below, we set ¢(z) = 1|||z|* — 1||2, for z € L?. Throughout this article, we make the following
assumption on o : R — R.

A.l o, 0', and ¢” are bounded. Moreover, ¢ is Lipschitz continuous, i.e., there exists a
constant K7 > 0 such that

lo(u) = o(@)lf: < Kiflu=vlf: Vuvel (2.1)

per *

pers A Wllj’e%—valued
F-adapted stochastic process X = {X;; t € [0,T]} is called a strong variational solution of (|1.2))
if X € L*(Q;C([0,T);1L2,,)) satisfies P-a.s. for all ¢ € [0,7] that

per

Definition 2.1. (Strong variational solution) Fix T' € (0,00), and = € L2

(Xta¢)]L2 + /Ot {(VXS7V¢)]L2 + (Dw(Xs)7¢)L2} ds

t
= (2,9) ., +/0 (0(Xs),0) AWy Vo€ W2 (2.2)

The following estimate for the strong solution is well-known (p > 1),

1 T _
sup B> (160l = ollfa) + [ I (19Xl + i) 5] <€ (23
tejo, 7] ‘P 0

2.1. Fully discrete scheme. Let us introduce some notation needed to define the structure

preserving finite element based fully discrete scheme. Let 0 =ty < t; < ... < t; be a uniform
partition of [0, 7] of size k = % Let 7, be a quasi-uniform triangulation of the domain &. We

consider the Wé’e%-conforming finite element space (cf. [I]) Vj, C er;gr such that
Vi = {¢ € C(O;R); ¢|,.€ 21(K) VK € %},

where &21(K) is the space of R-valued functions on K which are polynomials of degree less or
equal to 1. We may then consider the space-time discretization of (1.2)): Let Y° = & 22 € V},,

where 2 : Lger — V}, denotes the Lger—orthogonal projection, i.e., for all g € Lger

(9— P129,0). =0 Vo eV, (2.4)
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Find the {F;;; 0 < j < J}-adapted Vj-valued process {Y?; 0 < j < J} such that P-almost
surely

(V7 = YT71,0) 0+ k[(TY9,90) 1 + (FV, V7). 6)] = AW (0(Y7),6),0 Yo € Vi,
(2.5)
where
y+z

AW = W(t) = W(tj-1) ~ N(0. ), and f(y,2) = (gl —1) 7

(2.6)

Solvability for £ < 1 is again immediate via Brouwer fixed point theorem.
We are now in a position to state the main result of this article.

Main Theorem. Let the assumption hold and = € ngr. For every § > 0, there exist
constants 0 < Cy < 00, independent of the discretized parameters k, h > 0, and kg = ko(T,x) > 0
such that for all k < kg sufficiently small, there holds

1<5<

J
supJ[E[Hth - Yﬂ'uﬁz} + kZE[HV(th —Y9)|2, < Cs (k0 + ),
j=1

where {Xt;t € [O,T]} solves while {Yj;O <j< J} solves .

The proof is detailed in Sections and [5| and uses the semi-linear structure of &/ along
with the weak monotonicity property . We first consider a semi-discrete (in time) scheme
of the problem and derive the error estimate between the strong solution X of
and the discretized solution {Xj 0553 <J } of , see Theorem Again, using uniform

bounds for higher moments of the solutions {X7} and {Y7}, we derive the error estimate of X7
and Y/ in strong norm, cf. Theorem Putting things together then settles the main theorem.

3. STOCHASTIC ALLEN-CAHN EQUATION: THE CONTINUOUS CASE

In this section, we derive uniform bounds of arbitrary moments for the strong solution X =
{X;:t€[0,T]} of and using these uniform bounds, we estimate the expectation of the
increment || X; — X,||?, in terms of |t — s|.

The following estimate may be shown by a standard Galerkin method which employs a (finite)
sequence of (W%,’gr—orthonormal) eigenfunctions {wj; 1 < j < N} of the inversely compact, self-
adjoint isomorphic operator I — A : Wg’fr — Lger, the use of It6’s formula to the functional
y—J(y) = %HV@/HEQ +1(y), and the final passage to the limit (see e.g. [4]),

tes[lé%]E[j(Xt) + /Ot IAX, — Dyp(X,)|2 ds} < C<1 +E[j(x)]>, (3.1)

for which we require the improved regularity property = € Wé’gr. Thanks to the assumption
we see that o satisfies the following estimates:

a) There exists a constant C' > 0 such that

IVo(©)2: + (D20()o(€), 0(9)) , < C1+T() Ve € Wh. (3:2)
b) There exist constants Ka, K3, K4 > 0 and Lg, L3, Ly > 0 such that for all £ € W%’gr
Ko || Ag|E2 + K[| VENZ [ALIE 2 + Kal|VE[l, if d =2
LaAgZ, + Lol VAEIEIVELE, + Lal Vel it d=3.

Lemma 3.1. Suppose that the assumption[AT] holds and p € N. Then, there exists a constant
C = C(||x||lwrz,p, T) > 0 such that

|Ac(&)IIF2 < { (3.3)
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(i) t:B%]E[(J(Xt))p] +E[ S IVXIEYVIAX, 2, 4] < C.

Suppose in addition x € Wae. Then, there exists a constant C = C(||z|lwzz2,T) > 0 such that

(i)  sup E[HAXtHLQ} +E[f0 IVAX|2, ds} <C.
tel0,T

Proof. (1) We proceed formally. Note that
T = SIVER+(6)  and - () = T'() = ~A&+ Dy().
We use It6’s formula for & — g(§) := (j(f))p.

Dy(€) = —p (T(©)" ' (¢)
D’g(&) = plp = 1) (T(©) () @ (&) +p (T(©) (-A+ D*(©)) .
where a®b-c = a(b,c)2 for all a,b, c € L2. By Cauchy-Schwartz inequality, and , we have

E[(70X0) = (T@)" + [ (F00) o/ (%) as]

~2e| [{o- 1>(J<Xs>>p‘2(mxs>,a%))iz
T (X)) (8 + D2(X)Jo(X,),0(X,)) , }ds
< 7E| /O - DT (X)) ((X,),0(X,)) 2 /O tIE ?las+ ¢

Since o is bounded, by using Young’s inequality, we have
—92 2 —2
(T (7 (X0, 0(X) < C(TX) 1/ (X))

<O(T(X)" 1 (Xo)|22 + CO)]| (Xs) |2

We choose 6 > 0 such that p — £(p — 1) > 0. With this choice of #, by (3.1)), we have for some
constant C; = C1(p) > 0

B[y + ws] [ () e ()R )
< E[(j(x))p} +C(p) /Ot E[(j(xs))ﬂ ds+ C.

We use Gronwall’s lemma to conclude that

T
—1
sup E[(j(Xt))p} +E[ / (T (X))l (X)) 2 ds} <C. (3.4)
te[0,T 0
In view of (2.3)), and (3.4)) it follows that
sup E[|X,[f.] <€ ¥p> 1. (3.5)
te[0,7)

Note that,
IAX|[F2 < 19/ (Xs)llE2 + 1XlIEs + 1 Xslf2 < 17 (Xo)llf2 + Cl X[l + [ X2 s
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where we use the embedding W2 < L% for d < 3. Thanks to (3.4) and (3.5)), together with
Cauchy-Schwartz inequality and the above estimate, we see that

B[ 0y Iaxta

T
<O+ B[ [ (FOP T (X0 + 1XulEyn2)a]

<CH+T swp E[(J(X))| +T sup E[|1Xel5hs + IXilF.] < C (3.6)
te[0,7] te[0,7)

One can combine (3.4) and (3.6)) to conclude the assertion.

(i) Use Ito’s formula for € — g(&) = 3[|A¢||2,. We compute its derivatives.

Dg(¢) = A%, D?(¢) = A%
Note that by integration by parts

(825, ~AX, 4 1XPX,) > S [IVAXIE, - 3IIX PV, (37)
Because of W2 < L6 for d < 3 we estimate the last term through
X PV X172 < 1 XsllLs IV Xslfe < ClI X2 (VX2 + |AX|2)
< Ol XISz + CUIXS 22 + IV XS I22)* A X122
= C||Xs[l§nz + M. (3.8)
Note that || X,[|2, < C(1 + (X)), and therefore we see that
M <01+ (T(X,)") |AX 1 (3.9)
Inserting and in , we obtain

t
E[JAX|12] +E[/ IVAX, 2, ds|
0
t T 9 9
<E[Az]2] +CE[/ 1 X152 ds} +CE[/ (T (X9) NAX|E- ds]
0 0

t t
+c/ E[| AX,|2] ds+0E[/ 1AG(X,)|2 ds] (3.10)
0 0

Let d = 2. Then by (3.3]), we see that

t
G;:E[/ A0 (X,) 22 ds]
0
t T T
<Ko [ BJJAX|E] ds+ KB [ [ [VXIRNAXIE ds] + Ko [ E[IVX[E] ds
0 0 0

One can combine the above estimate in (3.10) and use (3.5)), (3.6) along with Gronwall’s lemma
to conclude the assertion for d < 2.

Let d = 3. Then, thanks to (3.3) and Cauchy-Schwartz inequality, we have

1 t T T
G< QE[/ IVAX,| ds} +CE[/ IV X129 ds] +L4/ E[[|VX;|lf2] ds
0 0 0

t
4 Lg/ E[JAX,[2.] ds. (3.11)
0
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We combine (3.10)) and (3.11]) and use (3.5)), (3.6) along with Gronwall’s lemma to conclude the
assertion for d = 3. This completes the proof. O

The following result is to bound the increments X; — X of the solutions of ([1.2)) in terms of
|t — s| for some a > 0; its proof uses Lemma [3.1| in particular.

Lemma 3.2. Let the assumption holds and x € ngr . Then for every 0 < s <t < T,
there exists a constant C = C(p,T) > 0 such that

(i) E[IX:— X|F.] <Clt—s|  (»>2),
(ii) E[”Xt - Xs”%,wz} <Ot —s.

Proof. (i) Fix s > 0. An application of It6’s formula for u — %Hu — By, with 8 = X,(-,w) € R
to (|1.2) yields, after taking expectation

1 t -
B[ 1 - XJE + / 15 = X2 (o (X0) — /(X0), X~ X,),, d¢]

t t
< B[ [ 1X - Xl (- (X0, Xe - X)) + GE[ [ 1% = Xl lo (X0l ad
= A+ As.

We use the weak monotonicity property (1.3) to bound from below the second term on the
left-hand side,

> & [ (1 = XAV~ X0l € e - Xl )ac).
The integration by parts formula and Young’s inequality reveal that
(—o (X)X = X,) < IVXJ |V (K¢ = Xz + 1DV () e |1 X = Xl
< (I 26 + 1 Xollwr2 ) 11X = Xl

Since W2 < LS for d < 3, by using Young’s inequality, we see that

¢
Ay < OE[ [ 1= Xl (1Xlna + 1l 1K = Xullno 4
S
I )
<E[; [ 1%~ Xl (1% - Xl + V(K - XIE:) oc]
S
1 ! p—2 2 6
+ §E HXC - XSHL2 HX5”W172 + HXSHW1,2 d¢
S
1 t _ t
< SB[ [ 1% - PV (X - X[ 0] + G [ B[ - Xl ad]
S S
+Cft—s| sup B[ X0+ Xl
C€ls.t]
Again, thanks to the boundedness of ¢ and Young’s inequality, we see that
¢
A < cp/ B[I1X¢ = X, |2 ¢ + CJt — .
S

We combine all the above estimates and use (2.3) and Lemma (i) along with Gronwall’s
inequality to get the result.
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(ii) We apply It6’s formula to the function %\VXt — 3|2 for any 3 € R to (1.2), and then use
B8 = VX, for fixed 0 < s <t and integrate with respect to spatial variable. Thanks to Young’s
inequality, and the boundedness of ¢’,

/ E[(-AIX - X, #(X0),,] 4] + € / B[V (Xe) ] dc

S

LE[IV0x - X))2] <

t
<Clt =3 sup E[IAXcE:] +C [ B[l o + 19 xR ac.
€ls,t s
Notice that [|«7(X¢)[[3. < JAXc|22 + C ([ Xclfs + [ Xcll72). From the above estimate, and
Lemma (ii), (3.5), and the embedding W2 < IL® for d < 3, we conclude
E[IV(X, = X)) < Clt =l sup E[IAXCIE: + 1Xcllhna + 1K s ] < Cle—sl. - (312
€ls,t

One can use (i) of Lemma[3.2|for p = 2, and (3.12)) to arrive at (ii). This finishes the proof. O

4. SEMI-DISCRETE SCHEME (IN TIME) AND ITS BOUND

Let 0 =ty < t1 < ... <ty be an equi-distant partition of [0, 7] of size k = % The structure
preserving time discrete version of (1.2) defines an {ftj; 0 < j < J}-adapted Wllj’ezr—valued
process {X7; 0 < j < J} such that P-almost surely and for all ¢ € W%)’e%

{o«' = X0710) s+ R[(VX.V0) o (OO, 3070.0) 1] = AW 00,

X0=zecl2

per>

where A;W and f are defined in (2.6)). Solvability for £ < 1 easily follows from a coercivity
property of the drift operator, and the Lipschitz continuity property (2.1) for the diffusion
operator. Below, we denote again

. 1 . .
T(XT) = S| VX |, + (X

The proof of the following lemma evidences why D (X7) is substituted by f(X 7, X371 in (@1
to recover uniform bounds for arbitrary higher moments of J(X7).

Lemma 4.1. Suppose x € Wll,’ezr, and that assumption holds. For every p = 2", r € N*,
there exists a constant C = C(p,T) > 0 such that

[T 17D + 17 (D] x (V7 = X772,

1<5<J
== (=1

max E[\j(xj)\p] v ZJ:E
j=1

+ [IX7 = (XTI, + Rl - AXT + f(XF, XY | < C

Proof. 1. Consider (4.1]) for a fixed w € Q and choose ¢ = —AX/(w) + f(X7, X/71)(w). Then
one has P-a.s.,

(X7 — XI —AXT + f(X7, XT7Y) o + k|| — AXT + f(X7, XTY)|2,
= AW (Vo (X7, VXT) , + AW (o(X77H), f(X7, X77H) 0 = Ar+ As. (4.2)
By using the identity (a — b)a = %<|a|2 — 162 + |a — b|2> Va,b € R along with integration by
parts formula, we calculate

(X7 — X771 —AXT + f(XT, X771)
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. . . 1 . . .
= (VX = X371, V7 Ly + (10 = 1% = 1= (X971 — 1))

%(HVXjHiz —[IVX7HE + V(X7 - Xj‘l)lliz)
1 (I00P = 12 = IR = 1 + PP — 1022,
= T(0) = FI) + SV~ X K0P - PR @)
Since o’ is bounded, we observe that
A < iIIV(Xj — X7 Y|P + CIVXT AW + (Vo (X771, VXITY AW

1 . . A . .
< IvVX? - X2 + CT(XT AW + (Vo (X7, VXTI L AW
We decompose Aj into the sum of two terms Ay and Az 2 where
Aoy = (o (X771, (IXTP — [ X771 2) X500, AW
. o i i
Azg = (o(XI7h), (|XI712 — 1) ) AW
In view of Young’s inequality and the boundedness of o, we have
1 , . , . .
Ao < S|P = X2 + O (17 = X E + X071 2) 1A WP,

X — xi-1
2
< X7 = XTI + XN = I AW + (o (X770, (1771 = )XY AW

< X7 = XY + CT(XTTHIAGW P + (X7, (X712 = D)X L AW

Ao o = (U(Xj_l), (‘Xj_l‘Q -1)

)

)2 AW + (o(X77h), (1X771)? - 1)Xf—1)L2AjW

Next we estimate || X7 — Xj*1|]i2 independently to bound As3. To do so, we choose as test
function ¢ = (X7 — X771)(w) in (4.1)) and obtain

' . k . . ; i
157 = X342, + 2 (IV X922 — 912, + 9007 - X974 2,)

o= (o(X77h), X7 = XT7H) LA W. (4.4)

v X]Q_l XjQ_X]—IQ
+ 2(XP -1, X0 — X
Note that

E, . . . . R T g
5(\XJ\2 — LX) = | X7, = k(w(Xj) — (X + ZH\XJ\Q —|X7 1\2“@)7 45
A . . 1. , :

(o (X771, X7 — X7, AW < 51X~ XY 2, + ClA; WP,

where in the last inequality we have used the boundedness property of o. We use (4.5)) in (4.4))
to get

IX7 — X7V 2, < CRT(XI1) + C| AW (4.6)
Again, since € is a bounded domain, one has

, , 1 . ,
0 = [ (X7 = 1) det |6 < O+ IO R =11 < €O+ T, (47

where || denotes the Lebesgue measure of ¢. Combining the above estimates and then those
for A; and Ay in (4.2)), and then (4.3), we obtain after taking expectation

E[7(X9) ~ 7] + {E[IVOF — XID)R] + SE[1X9P - x5 2]
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+ k;E[H — AXT 4 (X7, Xjfl)\liiz} < Ck(l + E[j(XJ’*l)}).

Summation over all time steps, and the discrete Gronwall’s lemma then establish the assertion
for r = 0.

2. In order to validate the assertion for p = 2", r € N*| we proceed inductively and illustrate
the argument for r = 1. Recall that we have from before

T = JX) + IV = X + 10 — 0
+ k|| = AXT 4+ f(XT, XTT|7,
< CTE R+ 18,W) + |8,W 2} + Cla; W (1 + |4,W )
+ (Vo (X1, VXTI AW + (o(XI7H), (IX771 P = DX AW, (4.8)

To prove the assertion for r = 1, one needs to multiply by some quantity to produce a
term like J2(X7) — J2(X771) + a‘j(Xj) - j(Xj_l)’2 with @ > 0 on the left hand side of the
inequality in order to absorb related terms coming from the right-hand side of the inequality
before discrete Gronwall’s lemma. Therefore, we multiply with J(X7) 4+ $7(X771) to get
by binomial formula

. . 1 . 4 1 4 .
2 (72x9) — 20 + |TO0) — T 4 () + T
1 . . 1 . . . o
{1907 = X 22+ X7 = X2, + bl = AXY + £, X |
. . 1 .
< CT(XIN (I () + 3T () k(L +|8,W ) + 4, W |
FOWIXI) + ST (XTI AWP(1+]AWP)
. 1 . , . .
+ (T (X) + T (XTH) (o (X770, (1IX 717 = DX AW
+ (T(X7) + %j(Xj‘l)) (Vo(XI™H), VXTI LAW = As + Ay + As + Ag. (4.9)
By Young’s inequality, we have (61,602 > 0)
. 1012 2/ vi—1 2 2)?
Ay < 01| T(X7) = T(XINP4+ C0) T (L + 1AW +14,W[2
+ CTHXTN R+ 18,WP) + AW,
Ai < 0|7 (X9) = T (XTN[* + C(02) | AW (1 + 1A, W] + CT2 )| W
+C(1+ AW .
We can decompose Ag as
Ag = (J(X7) = J(XT) (Vo (XI7Y), VXTI AW
+ ;j(Xj_l)) (Vo (X771, VXITY) AW = Ag 1 + Asp.

Note that E[.AG,Q] = 0. By using Young’s inequality and the boundedness of ¢/, we estimate
AG,l)

A1 < 03T (X7) = T(XT NP + C0:) | VXTI |Lo | A, W[
< 05| T(X7) = T(XTH|? + C(03)| AW 2 (1 + T2(XT7Y).
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Again, Aj can be written as As 1 + Az 2 with IE[.A5,2] = 0, where
Asp = (T(X7) = T(XI7) (o (X7, (1712 = )X AW
Thanks to Young’s inequality, the boundedness of o and we get for 64 > 0
As1 < 04T (X7) = T(XT NP+ 00| X771 = 1| Lol X7 22| A W2
< 04T (X7) = T(XTHP 4 C(0a) (T2 + | X7 |E2) |4, W
< 04| T(X7) = T(XT Y|P+ C0) (1 + THXTH) |a; W2

We combine all the above estimates in (4.9), and choose 6y,---,6, > 0 with Z?:l 0; < i to
have, after taking expectation

E[72(X7) = JAX7) + 1|7 (X9) = J(XI7H | + GE[(7(x7) + 7 (x77Y)
x LIV = XN 2, + [[1X72 = X2, + bl = AXT 4 (X, X072, ]
< O5(1+ k) + C4kE [j?(XH)] . (4.10)

Summation over all time steps 0 < j < J in (4.10]), together with the discrete Gronwall’s lemma
then validates the assertion of the theorem for » = 1. This completes the proof. O

We employ the bounds for arbitrary moments of X in the strong norms in Lemma (3.1
(i), and a weak monotonicity argument to prove the following error estimate for the solution

{X7;0<j<J}of ([&1).

Theorem 4.2. Assume that x € Wﬁﬁr, and the assumption holds true. Then, for every
d > 0, there exist constants 0 < Cs5 < oo and k1 = ki(z,T) > 0 such that for all k < ky
sufficiently small

J
supJIE[Hth — X|2] + kY E[IV(Xy, — X9)|F.] < Cok™ 2,

0<j< o

where {Xy; t € [0,T]} solves (2.2)) while {X7; 0 < j < J} solves (4.1)).

The parameter 6 > 0 which appears in Theorem is due to the non-Lipschitz drift in the
problem and is caused by the estimate (4.12)) below.

Proof. Consider (2.2) for the time interval [t;_1,¢;], and denote ¢/ := X;, — XJ. There holds
1,2
P-a.s. for all ¢ € Wy,

(ej — ej_l,gb)Lg + / ’ ((V[th - Xj],v¢)L2 + (Dp(Xy,) — Dy (X7), ¢)L2)d5

ti—1
t ¢
- — /t (VIXs — X4,], V), o ds — /t (DY(Xs) — DY(Xy,), ¢),»ds

t . , , t .
L @OE e g [ (000 - o)paws

tj—l tj—l

—/j (0(Xi, ) — o(X771), ), AW,

t]'_l

= Ij—l-IIj—i—IIIj—FI‘/j—FV}.
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The third term on the right-hand side attributes to the use of f(X7, X771 instead of Dy(X7)
in (4.1). Choose ¢ = ¢’ (w), and apply expectation. By the weak monotonicity property (|1.3)) of
the drift, the left-hand side of (4.11]) is then bounded from below by

1

SB[l 122 = e 2 + lle? — 2 + 2k (Ve 22 — [22)]

Because of Young’s inequality and Lemma (ii) we conclude
k .
E[I;] < Ok* + gE[HVeJHiQ} .

Next we bound E[/];]. For this purpose, we use the embedding Wh2 — L8 for d < 3, the
algebraic identity a® — b® = £(a — b)((a + b)> + a? + b?), and Young’s and Holder’s inequalities
in combination with Lemma [3.2] to estimate (6 > 0)

1 tj .
E[I) < 5 / E (11, — Xi, a1 + X0,)2 + X2+ X7 s e s | ds
ti—1

2 .
[ B[ - X e s

tji—1

k .
<Ok suwp  E[I1X, = X I (11X s + 1K, liEs ) | + SE[€7]n2] + €2

s€[tj—1:t5]

<ck sup (B[IX, = XI55 0]) 7 (B[ 160 e + 1% l50e) = )

Se[tjfl,tj]
k . .
+ SE[|VeT 2] + CRE[ll/]2:] + Ok (4.12)

The leading factor is bounded by Ck+s by Lemma (i), while the second factor may be
bounded by Cs due to (3.5). Thus we have

k A .
E[I1;] < G5kt + Ok? + gﬂz[nv@ﬂn%’LQ] + CKE[[l¢/)12.].
It is immediate to validate
1 . , .
[E[IV}])] + [E[Vj]| < CK* + gle’ - e 22+ Ck e/ Ea

by adding and subtracting e/~! in the second argument and proceeding as before, and Ito’s
isometry in combination with (2.1) and Lemma (i). Next we focus on the term I1I;. In
view of generalized Holder’s inequality, and the embedding W'?2 < LS for d < 3,

1 tj . . . 4
B[IL) < B[ [ ellol X9~ X7 eall X0 - 1] d]

tj—1

< ZE[lle?|26] + CRE[ X7 — X712, 11X 2 = 1]j%]

oo| oo

< ZE [/ 1312] + CRE[I1X7 = X7 2a (1 + X7 | y0.2) |

k .

gE[Heﬂniw,g] +111;;.

In view of Lemma we see that

SupE[HXngWLQ] < C for any p> 2, (4.13)
J

We use (4.6, Lemma [4.1| and (4.13) to estimate 11},
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117;4 < CKE[ (KT (X7 4 |A, W) (1+ | X7 0.)]
< ORE[1+ T (X7 + (T(XT)" + 107 gz | + CE [kl W P1X .2
< CK + CRE| |1 X7 |[3.2] + CE||8;W '] < CH2,
and therefore we obtain
k . )
E[II1}] < gn«:[uwu@} + CKE[||e/[2.] + Ck2.
We combine all the above estimates to have
B[/ — le 42 + KIVel|2a] < Ok + Cok 5 + (B[l + 2] ). (419)
Summation over all time steps 0 < j < J in (4.14)), together with the discrete (implicit form)
Gronwall’s lemma then validates the assertion of the theorem. O

5. SPACE-TIME DISCRETIZATION AND STRONG ERROR ESTIMATE

In this section, we first derive the uniform moment estimate for the discretized solution
{YJ 053 <J } of the structure preserving finite element based fully discrete scheme (2.5).
Then by using these uniform bounds along with Lemma we bound the error BV := X7 — Y7,
where {X7; 0 < j < J} solves (4.1)).

We define the discrete Laplacian Ay, : V;, — Vj, by the variational identity

—(Andn, Yn) s = (Von, Vi) o  Voén,vn € V.

One can use the test function ¢ = —AR Y7+ P2 f (Y7, Y771) € V}, in (2.5) and proceed as in the
proof of Lemma along with (2.4), the W'2 and 1% (1 < ¢ < oo)-stabilities of the projection
operator Z2 (cf. [3]) to arrive at the following uniform moment estimates for {Y7;0 < j < J}.

Lemma 5.1. For every p = 2", r € N*, there exists a constant C = C(p,T) > 0 such that

r

J
max E[lj(y]‘)‘ﬁ] + ZE H [[j(yj)]zhl I [j(yj—l)]géﬂ] y (Hv(yj _ Yj_l)”lizﬁ

1<j<J

=1 Le=1
VIR = IR + bl = AnYT + ey YY) | < €
provided E[|7(Y)|P] < C.
In view of Lemma it follows that
sup E[HYJ‘||§’WLQ] <0, Wp>2. (5.1)
0<j<J

We have the following theorem regarding the error £/ in strong norm.

Theorem 5.2. Assume that x € ngr. Then, under the assumption there exist constants
C > 0, independent of the discretization parameters h,k > 0 and ko = ko(T,x) > 0 such that
for all k < ko sufficiently small, there holds

J
Oiggjla[nw —vI|2] + ijOE[HV(XJ —YI)|E] < Ok +h2),

where {X7; 0 < j < J} solves ([.1)) while {Y7; 0 < j < J} solves (2.5).
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Proof. We subtract (2.5) from (4.1), and restrict to the test functions ¢ € Vj. Choosing ¢ =
P12E (w), and using (2.4), we obtain

SE[| 202 B |2 — 1202 B9 |22 + |22l — B
+ k:E[(VEj VEY),, + (DY(X7) — Dip(Y7), }
- kIE{(VEj, V(E) — P2E)),, + (DU(X?) — DY(Y?), B — P2 EF), ]
. X7 — xi-1 YIi_Yi— .
+ KE| ((1X72 - ) =—— - (VP - )—— %ZEJ)LQ]

+E [(U(Xjfl) — (YT, P BT — EH]) QA]W}

< SE(IVE 2] + SE[IV 0 - 2uax?)lEa] — kE[157)2]

+ /{E[H@LQEJHLQ} + ’E[(]XJ]QXj —YI2yd X - QLQXJ)LJ

XJ — xi-1
2
+ E[(U(Xj_l) — o (YY), Ppa| B - Ej_1]>]L2AjW}.

YJ —yi-1

k[ (0P - 1) (P -1 ) ]

Note that the third term on the right-hand side of the first equality reflects that f(X JX771) s
a perturbation of D (X7). By the weak monotonicity property (1.3]), we see that

B[IVE|2: — | BI2.] <E[(VEY, VEY), + (D(X?) - Dp(v7), B7)., ],
and therefore we arrive at the following inequality
1 . . . . .
SE[ (120 B2 — 20 722 ) + 12007 — B + KV E I
< CKE[|| 22 E7||%] + CkE[HV( %QXJ)HU}
+ Ck(JEmXﬂ'\?Xj —YIPRYd X - @LQXJ)LJ ‘

X — xi-1

B (R e E I L

2
+E| (X)) =0 (V) ZpalB - B7Y) AW
=: CkE[||<@L2E]H]?‘2j| + Bl,j + BQJ -+ B37j + B4,j. (5.2)
Note that, in view of Lemma Young’s inequality and the embedding W2 < ILS for d < 3

’QLQEj)L2}

B[00, X7IEs] < CE[ [ (30144 112 + 13071 ]
< CE[ [ (09417710 I 4 X012 ]
%
< C(l + supEﬂj(Xj)ls]).
J

Thus using Lemma [4.1 and the estimate above, we see that

J
kY E[|AXT|¢.]

=1
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J J
< kY[l - AX 4+ f(X, XITYE] + kY E[IFXY, XY <00 (53)
j=1 j=1

Let us recall the following well-known properties of &2, see [I]
lg — Pr2gllLz < Chllgllynz Vg € W2,
lg — Pr2gllLe + b V]g — Pr2g)ll2 < CR?||Agll> Vg € W2,

We use (5.3)) and (5.4)) to infer that

J J
Y By <2y kE[HAXJ‘Hi?} < Ch2,

J=1 Jj=1

Next we estimate E;le B, ;. A simple approximation argument, (2.1]), and (5.3) together with
Young’s inequality lead to

J J
S Buy < 3 E[lo(X) — o (V) lal| Pal B — B Jpa A W]
j=1 j=1

J J
< 1 D E[I120lE - BE) + O kB[ B
j=1 Jj=1
1 J . . J ; j j
< 7Y E[I1ZelB — B + Ck YD E[| 2B 2 + |1 - 2 X0
j=1 Jj=1
J J
1 . . -
< 72 B[22 — EIE] + C<h4 +kY E[|PLE 1\\1%2])-

j=1 j=1

We now bound the term By ;. We use the algebraic formula given before (4.12)), the embedding
Wh2 < 1L for d < 3, and a generalized Young’s inequality to have

T < CRE|Ellus (X7 |26 + I1Y71126) X7 = 212X 12

< CRE[ 1B w2 (157 W12 + 1V 302) | X7 — P12 X7 |1z

IN

SE[IVE 2] + SE[IE712] + CRE[ (1207l + Y7 2 )17 = 212 X722
L .
= SE[IVE/|%] + B}, + B}
Thanks to (4.13)) and (5.4), we note that

J J
1
> Bi;<
i=0 '

J J
SORE[| B ] + Ch YO E[1X30.] < O+ ST RE[| 2B ]
§=0 §=0 §=0
We use (4.13)), (5.1)) and (5.4)), together with Young’s inequality to get

J J
> B3, < Wk Y E[(1X e + Y7 [22) 17 e
=0 =0

J
< O Y E|I1X7 e + Y7 e + X7 0] < COB2
j=0
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It remains to bound Bj3 ;. We decompose Bg3 ; as follows.
By, = 5E| (X7 = [Y/)(07 - X7, 787 ]
k . . - .
+ 5E[((;YJF )BT - BV, %QEJ)LJ —: B}, + B2,

Thanks to generalized Holder’s inequality, the LI(1 < g < oo)-stability of &2, the embedding

W2 < LS for d < 3, the estimates (5.4), (5.1) and (4.13)), we have
B3, < CKE[||E7 — B~ |yal| B 2 I[Y7 [ - 1]s]

< CKE| (1902 (B = B/ )|z + | X7 — 212 X7 — (X771 = 22X |12 )

X B 2 Y7 PP = 1l
k

< TE[1E 2] + CRE| 212 (B — BN Y7 - 1)
+ CHE[| X — PraX? — (X771 = 2 XY V72 - 124]
< %E[HVEJ’H?LQ] + CKRE[| 22|12 + éE[H%z(Ej — B2
+ CRE| |22 (17— BRIV = 101 ] + CRRE[IX 0]
+ CRI?E | (11X |3z + 177 3 IV = 11124
< LE(VEI] + B[P~ B2 + CHE(| 2B ] + OW?
+ORE[|IE ~ B R0+ 1Y 00)|
+ czm?u-z@ + 11X [z + 12X e + HYjII\%w}
< RE(IVEIE] + SE[120a (8 — B2] + CHE[| P2 B2 + O + )

Next we estimate Bé i We use the generalized Holder’s inequality, the L4(1 < ¢ < oco)-stability
of &2, the embedding W2 — L8 for d < 3, Young’s inequality, the estimates (5.1]), (5.4) and
[.6), (.7) and (4.13), along with Lemma [4.1] to get

B;, < cm[u%zﬂumy;xﬂ — X7 2|1 X9 - IYj\QHLa}

< CRE ||| E |2l X7 = X7 Iz (1X7 |25 + 1V 1126) |
k : k ; j j— ' ] 2
TGV EIE:] + [EIIEYIE:] + CHE[ X7 — X7~ 1E: (171 + 1Y )

L2
16

IN

E[[|[VE|2.] + CKE[|| P2 E7|22] + CRRPE[|| X7|31.]

+ CRE [ X7 2 + Y7 e | + CE[I X7 - X7
L2
16
TEIVE|£] + CRE[| 22 Y |f2] + Ck(h® + k) + O (1 + E[73(X7)])

IN

E[|VE/ (2] + CKRE[| 2 2E7|2.] + Ch(h® + k) + CE, [kQJQ(XJ'—l) n ijWﬁ]

IN

IN

k ) .
EE[HVEJ |132] + CKE[| 22 E7|7.] + Ck(h* + k).
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Putting things together in (5.2) and using the discrete Gronwall’s lemma (implicit form) then
yields

J
sup E[H%QEJ'H?LQ} + £ E[|V(X - Y7)|2.] < Ok + B2 (5.5)
0<j<J =
Thus, thanks to (4.13), (5.4) and (5.5)), we conclude that

J
sup B[|[X7 = Y7|2.] + kD E[IV(X7 - Y9)|2.]
=0

0<j<J
J
< sup E[||@L2Ej||i2] +EY E[|V(XI —Y9)|E.] + Ch? sup E[||X7|3 2]
0<j<J = 0<j<J
< C(k + h?).
This finishes the proof. 0

5.1. Proof of Main Theorem. Let the assumption hold and = € le,’e%. Then thanks to
Theorem for every 6 > 0, there exist constants 0 < C5 < oo and k; = k1(T,x) > 0 such
that for all k£ < k1 sufficiently small

J

s E[I1Xe, — X?|ifa] +& Y E[IV(Xy, — X7)|F2] < Csk'~°, (5.6)
S)S

where {X;; t € [0,7]} solves (2.2) while {X7; 0 < j < J} solves (4.1). Again, Theorem
asserts that there exist constants C' > 0, independent of the discretization parameters b,k > 0
and ko = ko(T,z) > 0 such that for all k < ko sufficiently small

j=0

J
o o ,
Oi?EJE{HXJ —YI|2] + ijOIE[HV(XJ —YI)|2] < O+ ). (5.7)

Let kg = min{ky, ko}. Then (5.6) and (5.7) hold true for all k¥ < k¢ sufficiently small. We
combine (5.6 and (5.7) to conclude the proof of the main theorem.
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