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> po mixture of two fluids in a domain in R2.

Po
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> po mixture of two fluids in a domain in R2.
» Flow evolution by Navier—Stokes Eq.

pYi+ply - Vy —ply = pu, y(0) =y,

(NSE) { pt+[y-Vlp=0, p(0)=po

Po
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» Flow evolution by Navier—Stokes Eq.
» Find external force s.t. fQT |p(t) — o|? is small, where o is given.
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> po mixture of two fluids in a domain in R2.
» Flow evolution by Navier—Stokes Eq.

» Find external force s.t. fQT |p(t) — o|? is small, where o is given.

Minimize
J(p,u):/ \p(t)—a|2dxdt+g/ |u? dxdt
Qr 2 Ja,

subject to

pYi+ply - Vly —ply = pu, y(0) =y,
pt+[y-Vlp=0, p(0)=po

-

(NSE) {
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> po mixture of two fluids in a domain in R2.
» Flow evolution by Navier—Stokes Eq.

» Find external force s.t. fQT |p(t) — o|? is small, where o is given.

Minimize
J(p,u):/ \p(t)—a|2dxdt+g/ |u? dxdt
Qr 2 Ja,

subject to

-V]y — uAy = 0) =
(NSE) pY:+ply - Vly — ply = pu, y(0) = y,,
pt+1y-Vlp=0, p(0)=po

—

P0 p(1)
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> po mixture of two fluids in a domain in R2.
» Flow evolution by Navier—Stokes Eq.

» Find external force s.t. fQT |p(t) — o|? is small, where o is given.

Minimize
«%m:/)mnfﬂ%mﬂ+9/|m%mﬂ
Qr 2 Ja,

subject to

pYi+ply - Vly —ply = pu, y(0) =y,
pt+[y-Vlp=0, p(0)=po

(NSE) {

Po o p(t) p(t) BAD
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Add additional term to functional to minimize the interface area!
Minimize

.
B [

J(p,u):/ |p(t)for|2dxdt+g/ \ul?dx dt+ = /H1(S,,)dt

a 2 Jo, .2,0

subject to

pYi+ply - VIy — uAy = pu, y(0) =y,,
pt+1y-Vlp=0, p(0)=po

(NSE) {

Po o p(t) p(t) BAD
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Minimize
T
_ 2 o 2 £ 1
J(p,u)f/ o(t) — o dxdt+—/ u| dxdt+f/7-[ (S,)dt
Qr 2 Ja, 2.0

pYi+ply - VIy — pAy = pu, y(0) =y,,

bject to (NSE
subject to ( ){ pt+[y-V]p=0, p(0) = po

Questions:
» Existence of a minimum?
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Minimize
3 T
J(p,u):/ \p(t)—a|2dxdt+9/ |u|2dxdt+ﬁ/ﬂ‘(sp)dt
Qr 2 Ja, 2.0

pYi+ply - VIy — pAy = pu, y(0) =y,,

bject to (NSE
subject to ( ){ pt+[y-V]p=0, p(0) = po

Questions:
» Existence of a minimum? yes, w/o red term. Otherwise not clear!
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Minimize

§
J(p,u):/ \p(t)—a|2dxdt+g/ |u|2dxdt+%/ﬂ‘(sp)dt
Qr .
0

Qr

V — A = ll7 O — ,
subject to (NSE) PYi+ply - Vly —uly =pu. y(0)=yo
pr+[y-Vlp=0,  p(0)=po

Questions:
» Existence of a minimum? yes, w/o red term. Otherwise not clear!

» Optimality conditions?

Questions
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Minimize
3 T
J(p,u):/ \p(t)—a|2dxdt+9/ |u|2dxdt+ﬁ/ﬂ‘(sp)dt
Qr 2 Ja, 2.0

v — A = ll7 O — ,
subject to (NSE) PYi+ply - Vly —uly =pu. y(0)=yo
pt+1y-Vlp=0,  p(0)=po

Questions:
» Existence of a minimum? yes, w/o red term. Otherwise not clear!

» Optimality conditions? Not clear. Even if, Lagrange multiplier would very
irregular.
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Questions

Minimize

.
J(p,u):/ \p(t)—o|2dxdt+g/ |u|2dxdt+/§/7-[1(8p)dt
Qr .
0

Qr

V — A = ll7 O — ,
subject to (NSE) { 7Vt ™ ply - Vly —pdy = pu, y(0) =y,
pr+[y-Vlp=0,  p(0)=po

Questions:
» Existence of a minimum? yes, w/o red term. Otherwise not clear!

» Optimality conditions? Not clear. Even if, Lagrange multiplier would very
irregular.

» Numerical Approximation?
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Minimize
o= [ 1o~ oPaxats 5 [ uFaxare o [ v L wi)
(W > 0 double well potential, W = 0 iff p attends densities of initial mixture)

pY:+ply - V]y — pAy = pu, y(0) = y,,

subject to (NSE.)
pt+[y-Vlp—cAp=0, p(0)=po

with § = §(g)? [p is phase-field approximation (Mortola-Modica)]
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TUBINGEN Strategy
Minimize
how) = [ 10— offaxat+ 5 [ juPaxat+ o / Vol + 2 [ wip)

(W > 0 double well potential, W = 0 iff p attends densities of initial mixture)

pY:+ply - V]y — pAy = pu, y(0) = y,,

subject to (NSE.
) ( ){ pt+y-Vlp—cAp=0, p(0)=po

with § = §(g)? [p is phase-field approximation (Mortola-Modica)]
» Existence of a minimum: Yes!
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Minimize
o= [ 1o~ oPaxats 5 [ uFaxare o [ v L wi)
(W > 0 double well potential, W = 0 iff p attends densities of initial mixture)

pY:+ply - V]y — pAy = pu, y(0) = y,,

subject to (NSE.)
pt+[y-Vlp—cAp=0, p(0)=po

with § = §(g)? [p is phase-field approximation (Mortola-Modica)]
» Existence of a minimum: Yes!

» Optimality conditions: Yes, and the Lagrange multiplier are in some
LP(Q7)!
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Minimize

5]
Ja(P»U)Z/ Ip(t)—o\zdxdt—s—g/ \u\zdde— / Vol + W(p)
Qr 2 Qr 8() Qr

(W > 0 double well potential, W = 0 iff p attends densities of initial mixture)

pY:+ply - V]y — pAy = pu, y(0) = y,,

subject to (NSE.)
pt+[y-Vlp—cAp=0, p(0)=po

with § = §(g)? [p is phase-field approximation (Mortola-Modica)]
» Existence of a minimum: Yes!
» Optimality conditions: Yes, and the Lagrange multiplier are in some
LP(Q7)!
» Numerical approximation: In work.

5/5 | Markus Klein (Optimal control of geometric functional subject to Navier-Stokes) Summer School PDE, Caputh | :



UNIVERSITAT @
TUBINGEN

Strategy

Minimize
o= [ 1o~ oPaxats 5 [ uFaxare o [ v L wi)
(W > 0 double well potential, W = 0 iff p attends densities of initial mixture)

pY:+ply - V]y — pAy = pu, y(0) = y,,

subject to (NSE.)
pt+[y-Vlp—eAp=0, p(0)=po

with § = §(g)? [p is phase-field approximation (Mortola-Modica)]
» Existence of a minimum: Yes!

» Optimality conditions: Yes, and the Lagrange multiplier are in some
LP(Q7)!
» Numerical approximation: In work.

Thank you for your attention!
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